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Abstrat
The various soures of Rational Terms ontributing to the one-loop amplitudes
are ritially disussed. We show that the terms originating from the generi (n −
4)−dimensional struture of the numerator of the one-loop amplitude an be derived
by using appropriate Feynman rules within a tree-like omputation. For the terms
that originate from the redution of the 4−dimensional part of the numerator, we
present two dierent strategies and expliit algorithms to ompute them.
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1 Introdution
In the last few years, a big eort has been devoted by several authors to the problem of
omputing one-loop amplitudes eiently [1℄. Besides Standard tehniques, where ten-
sor redution/omputation is performed, numerially or analytially, new developments
emerged, originally inspired by unitarity arguments (the so alled unitary and generalized
unitarity methods) [2℄ - [5℄, in whih the tensor redution/omputation is substituted by
the problem of determining the oeients of the ontributing salar one-loop funtions.
This possibility relies on the fat that the basis of one-loop integrals is known in terms
of Boxes, Triangles, Bubbles and (in massive theories) Tadpoles, in suh a way that,
shematially, one an write a Master Equation for any one-loop amplitude M suh as:
M =
∑
i
di Boxi +
∑
i
ci Trianglei +
∑
i
bi Bubblei +
∑
i
ai Tadpolei + R , (1)
where di, ci, bi and ai are the oeients to be determined.
Nevertheless, in pratie, only the part of the amplitude proportional to the one-
loop salar funtions an be obtained straightforwardly in the unitary ut method. The
remaining Rational Terms, RTs, (R in the above equation) should be reonstruted by
other means, either by diret omputation [6,7℄ or by boostrapping methods [8℄. In [9℄ the
RTs are obtained by expliitly omputing the amplitude at dierent integer value of the
spae-time dimensions. On the other hand, in another reently proposed method, OPP [10℄,
a lass of terms ontributing to R an be naturally derived in the same framework used
to determine all the other oeients.
In this paper, we ritially analyze the various soures of RTs appearing in one-loop
amplitudes, by lassifying them in two ategories: R = R1 + R2, also presenting a few
omputational methods. In the next setion, we investigate the origin of R2 and develop
a pratial omputational strategy. In Setion 3, after a brief reall of the OPP method,
we present a way to ompute R1, stritly onneted to the OPP framework. In Setion 4,
we desribe yet another method that relies on uts in n-dimensions. This seond method
is proven more suitable for numerial appliations within the OPP algorithm and may
also be applied in a more general framework. Finally, in the last setion, we outline our
onlusions.
2 The origin of R2
Our starting point is the general expression for the integrand of a generim-point one-loop
(sub-)amplitude [10℄
A¯(q¯) =
N¯(q¯)
D¯0D¯1 · · · D¯m−1
, D¯i = (q¯ + pi)
2 −m2i , p0 6= 0 . (2)
In the previous equation, dimensional regularization is assumed, so that we use a bar
to denote objets living in n = 4 + ǫ dimensions. Furthermore q¯2 = q2 + q˜2, where q˜2
3
is ǫ-dimensional and (q˜ · q) = 0. The numerator funtion N¯(q¯) an be also split into a
4-dimensional plus a ǫ-dimensional part
N¯(q¯) = N(q) + N˜(q˜2, q, ǫ) . (3)
N(q) is 4-dimensional (and will be disussed in the next setion) while N˜(q˜2, q, ǫ) gives
rise to the RTs of kind R2, dened as
R2 ≡
1
(2π)4
∫
dn q¯
N˜(q˜2, q, ǫ)
D¯0D¯1 · · · D¯m−1
≡
1
(2π)4
∫
dn q¯R2 . (4)
To investigate the expliit form of N˜(q˜2, q, ǫ) it is important to understand better the
separation in Eq. (3). From a given integrand A¯(q¯) this is obtained by splitting, in the
numerator funtion, the n-dimensional integration momentum q¯, the n-dimensional γ
matries γ¯µ¯ and the n-dimensional metri tensor g¯
µ¯ν¯
into a 4-dimensional omponent plus
remaining piees:
q¯ = q + q˜ ,
γ¯µ¯ = γµ + γ˜µ˜ ,
g¯µ¯ν¯ = gµν + g˜µ˜ν˜ . (5)
Notie that, when a n-dimensional index is ontrated with a 4-dimensional (observable)
vetor vµ, the 4-dimensional part is automatially seleted. For example
q¯ · v = q · v and /v¯ = /v . (6)
A pratial way to ompute R2 is determining, one for all, tree-level like Feynman
Rules for the theory at hand by alulating, with the help Eq. (5), the R2 part oming from
one-partile irreduible amplitudes up to four external legs. The fat that four external
legs are enough is guaranteed by the ultraviolet nature of the RTs, proven in [6℄.
As an illustrative example, we derive the omplete set of the Feynman Rules needed
in QED. Along suh a line R2 an be straightforwardly omputed in any theory. We start
from the one-loop γe+e− amplitude in Fig. 1. The numerator an be written as follows
N¯(q¯) ≡ e3
{
γ¯β¯ (/¯Q1 +me) γµ (/¯Q2 +me) γ¯
β¯
}
= e3
{
γβ(/Q1 +me)γµ(/Q2 +me)γ
β
− ǫ (/Q1 −me)γµ(/Q2 −me) + ǫq˜
2 γµ − q˜
2 γβγµγ
β
}
, (7)
where all ǫ-dimensional γ-algebra has been expliitly worked out 1 in order to get the
desired splitting. The rst term in the l.h.s of Eq. (7) is N(q), while the sum of the
remaining three dene N˜(q˜2, q, ǫ) for the ase at hand. By inserting N˜(q˜2, q, ǫ) in Eq. (4)
1ǫ-dimensional γ matries freely anti-ommute with four-dimensional ones: {γµ, γ˜ν} = 0.
4
q¯µ γ
γ
1
2
Q¯2
Q¯1
Q¯1 = q¯ + p1 = Q1 + q˜
Q¯2 = q¯ + p2 = Q2 + q˜
D¯0 = q¯
2
D¯1 = (q¯ + p1)
2
D¯2 = (q¯ + p2)
2
Figure 1: QED γe+e− diagram in n dimensions.
and using the fat that
∫
dnq¯
q˜2
D¯0D¯1D¯2
= −
iπ2
2
+O(ǫ) ,
∫
dnq¯
qµqν
D¯0D¯1D¯2
= −
iπ2
2ǫ
gµν +O(1) , (8)
gives
R2 = −
ie3
8π2
γµ +O(ǫ) , (9)
that an be used to dene the following eetive vertex:
µ • = −
ie3
8π2
γµ
Figure 2: QED γe+e− eetive vertex ontributing to R2.
With analogous tehniques, taking also into aount the integrals given in Eq. (17),
one gets all the remaining QED eetive verties given in Fig. 3.
To summarize, the problem of omputing R2 is redued to a tree level alulation and
we onsider it fully solved. The R1 part is, instead, deeply onneted to the struture of the
one-loop amplitude, as we shall see in the next setion. It is worthwhile to mention that
only the full R = R1 + R2 onstitutes a physial gauge-invariant quantity in dimensional
regularization.
3 The OPP method and the origin of R1
The OPP redution algorithm provides a useful framework to understand the origin of the
RTs of kind R1. The starting point of the method is an expansion of N(q) in terms of
5
4-dimensional denominators Di = (q + pi)
2 −m2i
N(q) =
m−1∑
i0<i1<i2<i3
[
d(i0i1i2i3) + d˜(q; i0i1i2i3)
] m−1∏
i 6=i0,i1,i2,i3
Di
+
m−1∑
i0<i1<i2
[c(i0i1i2) + c˜(q; i0i1i2)]
m−1∏
i 6=i0,i1,i2
Di
+
m−1∑
i0<i1
[
b(i0i1) + b˜(q; i0i1)
] m−1∏
i 6=i0,i1
Di
+
m−1∑
i0
[a(i0) + a˜(q; i0)]
m−1∏
i 6=i0
Di
+ P˜ (q)
m−1∏
i
Di . (10)
Inserted bak in Eq. (2), this expression simply states the multi-pole nature of any m-
point one-loop amplitude. The fat that only terms up to 4 poles appear is due to the
fat that m-point salar loop funtions with m > 4 are always expressible in terms of
boxes up to ontributions O(ǫ). The last term with no poles, P˜ (q), has been inserted
for generality, but is zero in pratial alulations where m-point amplitudes behave suh
as N(λq) → λm when λ → ∞. The oeients of the poles an be further split in two
piees. A piee that still depend on q (the terms d˜, c˜, b˜, a˜), that vanishes upon integration
due to Lorentz invariane, and a piee that do not depend on q (the terms d, c, b, a). Suh
a separation is always possible, as shown in [10℄, and, with this hoie, the latter set of
oeients is therefore immediately interpretable as the ensemble of the oeients of all
possible 4, 3, 2, 1-point one-loop funtions ontributing to the amplitude.
One Eq. (10) is established, the task of omputing the one-loop amplitude is then
redued, in the OPP method, to the algebraial problem of tting the oeients d, c, b, a
by evaluating the funtion N(q) a suient number of times, at dierent values of q, and
then inverting the system. Notie that this an be performed at the amplitude level and
that one does not need to repeat the work for all Feynman diagrams, provided their sum
p
•µ ν = −
ie2
8π2
gµν (2m
2
e − p
2/3)
p
• = ie
2
16π2
(−/p+ 2me)
ρσ
νµ
• = ie
4
12π2
(gµνgρσ + gµρgνσ + gµσgνρ)
Figure 3: QED γγ, ee and γγγγ eetive verties ontributing to R2.
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is known.
The OPP expansion is written in terms of 4-dimensional denominators. On the other
hand, n-dimensional denominators D¯i appear in Eq. (2), that dier by an amount q˜
2
from
their 4-dimensional ounterparts
D¯i = Di + q˜
2
(11)
The result of this is a mismath in the anellation of the n-dimensional denominators
of Eq. (2) with the 4-dimensional ones of Eq. (10) (the OPP expansion), that originates a
Rational Part. In fat, by inserting Eq. (11) into Eq. (10), one an rewrite it in terms of
n-dimensional denominators (therefore restoring the exat anellation), but at the prie
of adding an extra piee f(q˜2, q). The RTs of kind R1 are dened as
R1 ≡
1
(2π)4
∫
dn q¯
f(q˜2, q)
D¯0D¯1 · · · D¯m−1
. (12)
The expliit form of the funtion f(q˜2, q) an be easily and expliitly obtained, in
the framework of the OPP method, by rewriting any denominator appearing in Eq. (2) as
follows
1
D¯i
=
Z¯i
Di
, with Z¯i ≡
(
1−
q˜2
D¯i
)
. (13)
This results in
A¯(q¯) =
N(q)
D0D1 · · ·Dm−1
Z¯0Z¯1 · · · Z¯m−1 +R2 , (14)
where R2 is the integrand funtion introdued in Eq. (4). Then, by inserting Eq. (10) in
Eq. (14), one obtains
A¯(q¯) =
m−1∑
i0<i1<i2<i3
d(i0i1i2i3) + d˜(q; i0i1i2i3)
D¯i0D¯i1D¯i2D¯i3
m−1∏
i 6=i0,i1,i2,i3
Z¯i
+
m−1∑
i0<i1<i2
c(i0i1i2) + c˜(q; i0i1i2)
D¯i0D¯i1D¯i2
m−1∏
i 6=i0,i1,i2
Z¯i
+
m−1∑
i0<i1
b(i0i1) + b˜(q; i0i1)
D¯i0D¯i1
m−1∏
i 6=i0,i1
Z¯i
+
m−1∑
i0
a(i0) + a˜(q; i0)
D¯i0
m−1∏
i 6=i0
Z¯i
+ P˜ (q)
m−1∏
i
Z¯i +R2 . (15)
R1 is then produed, after integrating over d
nq¯, by the q˜2 dependene oming from the
various Z¯i in Eq. (15). This strategy have been adopted in [11℄, where also all needed
integrals have been arefully lassied and omputed.
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Although rather transparent, the above derivation of R1 has two drawbaks. First of
all, it requires the knowledge of the spurious terms
2
. Seondly, it is not suitable when
ombining diagrams together beause, when taking ommon denominators, additional
terms ontaining q˜2 appear in the numerator, that may give rise to new rational parts.
The bookkeeping of suh new strutures is equivalent to the treatment of eah diagram
separately, jeopardizing the ability of the 4-dimensional OPP tehnique of dealing diretly
with the amplitude. For these reasons we present, in the next setion, a dierent way of
attaking this problem that does not relies on spurious terms and that also allows one
to ombine diagrams before tting the oeients d, c, b, a. This seond method is better
suited for a numerial implementation, and it has been already suessfully implemented
in a Fortran ode [12℄.
4 The n-dimensional uttings to ompute R1
The Rational Terms R1 an be omputed by looking at the impliit mass dependene
(namely reonstruting powers of q˜2) in the oeients d, c, b of the one-loop funtions,
one q˜2 is reintrodued through the mass shift
m2i → m
2
i − q˜
2 . (16)
This proedure is formally equivalent, in the generalized unitarity framework, to the appli-
ations of n-dimensional uts, and is obtained, in the OPP language, by simply performing
the OPP expansion of Eq. (10) diretly in terms of the n-dimensional denominators of
Eq. (11). By doing so, all oeients of the OPP expansion start depending on q˜2. The
spurious terms keep being spurious, beause they vanish due to Lorentz invariane (that is
untouhed when inluding powers of q˜2), while the oeients d, c, b generate the following
extra integrals [10℄
∫
dnq¯
q˜2
D¯iD¯j
= −
iπ2
2
[
m2i +m
2
j −
(pi − pj)
2
3
]
+O(ǫ) ,
∫
dnq¯
q˜2
D¯iD¯jD¯k
= −
iπ2
2
+O(ǫ) ,
∫
dnq¯
q˜4
D¯iD¯jD¯kD¯l
= −
iπ2
6
+O(ǫ) .
(17)
One an prove that
b(ij; q˜2) = b(ij) + q˜2b(2)(ij) ,
c(ijk; q˜2) = c(ijk) + q˜2c(2)(ijk) . (18)
2
After multipliation with the Z¯i, they give non vanishing ontributions.
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Furthermore, by using Eq. (16), the rst line of Eq. (10) beomes
D(m)(q, q˜2) ≡
m−1∑
i0<i1<i2<i3
[
d(i0i1i2i3; q˜
2) + d˜(q; i0i1i2i3; q˜
2)
] m−1∏
i 6=i0,i1,i2,i3
D¯i , (19)
and the following expansion holds
D(m)(q, q˜2) =
m∑
j=2
q˜(2j−4)d(2j−4)(q) , (20)
where the last oeient is independent on q
d(2m−4)(q) = d(2m−4) . (21)
In pratie, one the 4-dimensional oeients have been determined, one simply redoes
the ts for dierent values of q˜2, in order to determine b(2)(ij), c(2)(ijk) and d(2m−4). Suh
three quantities are the oeients of the three extra salar integrals listed in Eq. (17),
respetively, so that
R1 = −
i
96π2
d(2m−4) −
i
32π2
m−1∑
i0<i1<i2
c(2)(i0i1i2)
−
i
32π2
m−1∑
i0<i1
b(2)(i0i1)
(
m2i0 +m
2
i1
−
(pi0 − pi1)
2
3
)
. (22)
In Appendix A, we prove Eqs. (18)-(21), we single out the origin of d(2m−4) as the oeient
of the last integral of Eq. (17) and we show how it an be also derived outside the OPP
tehnique. Finally, yet another way of omputing d(2m−4) an be obtained by notiing
that
d(2m−4) = lim
q˜2→∞
D(m)(q, q˜2)
q˜(2m−4)
. (23)
This last method is also implemented in the ode of Ref. [12℄.
We lose this setion by stressing that the way of omputing the oeients appearing
in Eq. (22) is immaterial. Therefore the method to extrat R1 desribed in this setion,
namely by looking at the mass dependene of the oeients of the salar loop funtions,
an be used independently on the OPP tehnique. In partiular, one an derive all needed
oeients also with the help of analytial methods.
5 Conlusions
We have disussed and laried the origin of the Rational Terms appearing in one-loop
amplitudes, showing that they an be lassied in two lasses. The rst lass (R2) an be
omputed by dening tree-level like Feynman rules for the theory at hand. We preisely
outlined the way to derive the needed extra Feynman rules, listing them expliitly in the
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ase of QED. We therefore onsider the problem of omputing R2 ompletely solved. The
seond piee (R1) an be alulated in two dierent ways. We presented a rst tehnique
that relies on the OPP method and a seond, more general, omputational strategy. Both
methods have been suessfully tested within the OPP method. The seond one, however,
is more suitable for a numerial implementation, and it has been used in the numerial
ode CutTools.
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Appendies
A The q˜2 dependene of the OPP oeients
Our starting point is a rank r tensor m-point integrand dened as
Am;r ≡
qµ1 · · · qµr
D¯0 · · · D¯m−1
(m > 3 , r > 1) . (24)
By expressing the integration momentum q in terms of the basis of the external ve-
tors, with oeients linearly depending on the propagator funtion appearing in the
denominator [10℄, one ends up in an expression that it is idential to the OPP master
equation plus terms ontaining higher-point salar amplitudes Ak;0 k = 5, . . . , m. Sine
all redutions formula used so far are simple polynomial in terms of q˜2, the same is true
for all oeients appearing in that expansion. This, in onjuntion with the fat that
the maximum rank allowed r = m, easily proves rst of all Eq. (18). In the next step
one redues the k−point salar terms k = 5, . . . , m in terms of the 4−point ones at the
integrand level. After that step the individual d and d˜ oeients beome rational fun-
tions of q˜2. Nevertheless, sine the D(m)(q, q˜2) of Eqs. (19) and (20) is nothing more than
the ombined numerator of all salar terms with k = 4, . . . , m, and all oeients are
polynomials in q˜2, so is the D(m)(q, q˜2) funtion. Finally it is straightforward to see that
in the OPP expansion in terms of n−dimensional propagators, the q˜2 → ∞ behavior of
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the individual d terms is q˜4, whih means that the only integral involved is the last one
of Eq. (17).
Another way to derive the same results is by using the redution at the integrand level
introdued in [13℄. One an express Am;r as a linear ombination, with tensor oeients,
of ve lasses of lower rank tensors: Am;r−1, q˜
2Am;r−2, Am;r−2, Am−1;r−1 and Am−1;r−2. To
keep things as transparent as possible, we omit expliitly writing the oeients and we
denote suh a linear ombination using the following notation
3
Am;r =
{
Am;r−1|q˜
2Am;r−2|Am;r−2|Am−1;r−1|Am−1;r−2
}
. (25)
Analogously, it was proven that
Am;1 = {Am;0|Am−1;0} (m > 4) ,
A4;1 =
{
A4;0|A3;0|d˜(q)A4;0
}
, (26)
where d˜(q) is dened suh as
∫
dn q¯ d˜(q)A4;0 = 0 . (27)
By using Eqs. (25) and (26) it is easy to onstrutively prove Eqs. (20) and (21). We
expliitly give the derivation for the ase m = 6 and r = 6. By iteratively applying
Eqs. (25) and (26), one ends up with
A6;6 =
∑
j=4,5,6
{
Aj;0|q˜
2Aj;0|q˜
4Aj;0
}
+
{
q˜6A6;0
}
+
{
d˜(q)A4;0|d˜(q)q˜
2A4;0
}
+ O(A3;r3) , (28)
where O(A3;r3) means that we are negleting ontributions with 3 or less denominators.
By power ounting, only the term q˜4A4;0 ontributes to R1. Notie also that its oeient
(that we all z4) is independent on q. Now we an take a ommon denominator in Eq. (28)
by multiplying and dividing 5 and 4-point strutures by the relevant missing n-dimensional
propagators. In partiular, for example, by alling D¯i and D¯j the 2 denominators that do
not appear in A4;0
z4 q˜
4A4;0 = z4q˜
4D¯iD¯jA6;0 = z4q˜
4(q˜2 +Di)(q˜
2 +Dj)A6;0 . (29)
The numerator of the resulting expression is polynomial in q˜2 and it is nothing but the
funtionD(m)(q, q˜2) of Eqs. (19) and (20), withm = 6. Furthermore d(8) = z4, independent
on q. The general ase an be derived along the same lines.
Eq. (29) also laries why d(2m−4) is the oeient of the 4-point like last integrals
of Eq. (17). In fat, m − 4 among the m original n-dimensional denominators always
3
Notie that eah of the ve terms of Eq. (25) may atually represent an entire lass of ontributions
with dierent ombinations of denominators. For example Am−1;r−1 stands for all m rank r − 1 tensor
integrands that an be obtained by omitting 1 among the original m possible denominators.
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ompletely fatorize in front of d(2m−4). Notie also that the origin of the oeient
d(2m−4) is uniquely oming from the mass dependene of the oeients of the 4-point
salar funtions after tensor redution, but before expressing m-point salar funtions with
m > 4 in terms of boxes. The reason why we do not redue Eq. (28) to strutures with 4-
denominators is that this would bring a q˜2 dependene in the denominator, when passing
from 5 to 4 denominators. In our notation [14℄
A5;0 =
{
1
q˜2 + ci
A4;0
∣∣∣∣∣ 1q˜2 + ci d˜(q)A4;0
}
, (30)
with ci onstants. It is therefore muh better to take, instead, ommon denominators.
Finally, analogous tehniques an be used to prove Eq. (18).
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